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Differential equations
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Introduction

Thomas Robert Malthus: An Essay on the Principle of Population (1798)

Problem: The simplest mathematical model of population growth is obtained by assuming that
the rate of increase of the population at any time is proportional to the size of the population at
that time.

‘;—IZ =rN, differential equation
N(0) = N, Initial condition

where N (t) is the size of population (dependent variable), t is the time (dependent variable), r
IS a positive constant.

Question: N(t) =? unknown: function
Solution: ~N'=rif N0 [IIN@®|'=7
In(IN@®)|=rt+In|C] C#=0 In(IN@®)| = Ine™ + In|C| = In|Ce™|

N(t) = Ce™ general solution
If N =0then N' =0, then N' =rN istrue. So : :
N=o0 singular solution
ituti initi tion: _ ro _
Substituting the initial condition: x(zt)__civ e:tc varticular solution
= Vg
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Introduction
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Concept and classification of ODE

Definition: A differential equation is an equation that relates some unknown function with its
derivatives.

Comment: In applications, the functions usually represent physical quantities, the derivatives
represent their rates of change, and the equation defines a relationship between the two.

Definition: An ordinary differential equation (ODE) is an equation containing a function of one
independent variable and its derivatives.

Classification:

Order the highest derivative order that appears in the equation.

first order: f(y,y,x)=0 e.g. y'X+2sin X = cosy
second order: f(y",y,y,x)=0 eg. Y"+y=2¢
Linearity: linear if the unknown function’s and its derivatives degree is only 1 and products
of the unknown function and its derivatives are not allowed. Yy’ +Y-tg X=3
non linear: Iny+2y'=3 y-y' +2=X
Homogeneity: homogeneous if each term consists of the unkown function or its derivatives
y'-y+2yx=0

y'-y+2yXx=C0S X
inhomogeneous-otherwise
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‘ Types of solutions of ODE

Def: A function is a solution of the differential equation if the equation is satisfied for all
values of the independent variable in the domain of the function.

Def: Initial Condition(s) are a condition, or a set of conditions, on the solution that will
allow us to determine which solution we are after.

Def: General solution: is a solution that contains all possible solutions
Def: Particular solution: a solution that satisfies the initial condition

Def: Singular solution, one that cannot be obtained from the general solution. It appears
in differential equations when there is a need to divide a term that might be equal to zero

Each time we specify an initial condition y(xp) = y; for the solution of a differential equa-
tion ¥ = f(x, ), the solution curve (graph of the solution) is required to pass through the
point (xg, yo) and to have slope f(xp, yo) there. We can picture these slopes graphically by
drawing short line segments of slope f(x, y) at selected points (x, y) in the region of the
xy-plane that constitutes the domain of f. Each segment has the same slope as the solution
curve through (x, v) and so is tangent to the curve there. The resulting picture is called a
slope field (or direction field) and gives a visualization of the general shape of the solu-

tion curves.
d _ _ X
de ::Ey(x) =y(x) —x gensol:=y(x)=1+x+¢e CI
2 _
partsol =y(x) =1 +x—%exy(0):? y(0) =
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‘ Direction field of ODE

The method of directional fields is a graphical method for displaying the general shape
and behavior of solution to y’ = f(y,x) . It soes not require solving differential equation. A
direction field line segment is represented by an arrow, to show the direction of the
tangent.

The tangent vector for r = xi + y(x)j are drawn from r’' = xi + f(x,y)j. Each time we
specify an initial condition y(x,) = y, for the solution y' = f(y, x), the solution curve

(graph of the solution) is required to pass through the point (x,, y,) and to have slope
111111 P2 Rt P27
f (x0, ¥o) there. TTTITITTTI NI I P2 222~
1110111120222
TIRRRR AR 55523330
et ienisotuinlrprmtobiupdiiiomin ey iug- b it rrrrrrr%gitﬁ)ﬁ**»xxx
direction field line segment is represented by an arrow, to show the direction of the T t t TTTHTII RPNy Yy
tangent. AN O A W P I L VL VR VRV VR VS
1111711272229y y¥¥¥ LY
[rEpzresszen it
X - |
gensol =y(x)=1+x+ € CI 17177225538y visiiid
— FTP722722=%4%y VL LLLY
5 I I T VI VIV VS U U VI VIS VR W P
FP222=%5¥3 VA VML 4Y
1 = 222333y
o f— pu— - — —}
partsol =y(x) =1+ x 3 c ;a»ssx\;;%;;&t;;tttt
AomyvbVLLLELILLL LY
Teapteior=t =i e Ea SRR R R ER R TR N N T O B
edjaidndm fy: hmimr_ wuhulbuum
pr direction field
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First order ODE
F(x,y,y')=0 implicitform  'y'=f(x,y) explicit form

Separable differential equation

y'=f(x)-g(y)

Solution: If g(y)=0

Integration of both sides respect to x (independent variable)

dex:I f (x)dx

a(y)
Knowing that | y — y(x)  y'dx=dy J' ﬁdy = j f (x)dx

G(y)=F(x)+c

If y(x) can be expressed, we get the solution in explicit form, if not, the solution is in implicit
form.
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Application

Verhulst equation: when the population growth is constrained by limited resources, a
heuristic modification of the Malthusian growth model results in the Verhulst equation
(If the the population increases, several factors will begin to affect the growth rate. For example, there will

be increased competition for the limited resources that are available, increases in disease, and
overcrowding of the limited available space, all of which would serve to slow the growth rate.)

dn _ (N
ac K

where r is the growth rate, k is the carrying capacity of the environment.
3 T TN O R R M R TN A T T AN RN ER AR
N ) {11113 338333300313313)
Let —=1y, rt=x. Then y=y(1-y) y(x)=? #4113 113L}1
K 1111330331300 3133102
. S\$112333222 83222845
General solution:  y(x) = —— C# 0 SRS EESSEASEEAEEE A
- - - WITEELEELEELEELLLY
Singular solutions: y = 0 (no population) o P NRYIIIIIYIIVYIVIVYY
R R R E R R EREREE R R DS
y = 1 (k:N) xxxxxxx\.x\.\.x\.‘s\
&‘NN&&\-'&\-NNNN&‘N

Initial condition: y(0) = y,, 1 -

Yo

Particular solution: y(x) =

Yot(1—-yp)e™™* T e e e e e el e e

lim y(x) =1
X— 00

of v g1

1 2 3 )

The population, therefore, grows in size until it reaches the carrying capacity of its

UIIViIUIIIIIBIIt.
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First order ODE

Linear, inhomogeneous differential equation
y'+ p(x)y =q(x)
If q(x)=0 y'+ p(x)- y=0 equation is homogenous

Solution: : Variable coefficient method

First solve the homogeneous ODE. Y '+ p(X)Y =0 (to distinguish Y was written.).

This is a separable ODE ' 1
Y_z_p(x) [odY =—[ p(x)dx
Y Y

InY|=—[ p(x)dx+InC| C 0 VS L

Using this solution to find the solution of the inhomogeneous ODE, substitute C constant with
C(x) unknown function. y = C(X)e—jp(x)dx

' ' ~| p(x)dx —| p(x)dx
Our goal is to determine C(x). y'=Cxe " —c(x)p(xe?
Substitue y and Y' back to the original ODE.
C'(x)e T —C(x)-p(x)-¢ I 4 p(x)- C(x)e T = q(x)
C’(X)e_jp(X)dx _ q(X) C!(X): q(X)e.‘.P(X)dX C(X): J‘q(X)CJ.p(X)dXdX

s <[[oodo g
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Numerical solution of first order ODE — Euler method

If we do not require or cannot find an exact solution giving an explicit formula for an initial
value problem y' = f(x,y),y(xy,) = yy, We can generate a table of approximate numerical
values of y for values x in an approximate interval. This type of the solution is called
numerical solution of the problem.

y'(x) = f(x,y(x)), y(x0) = ¥o

Euler approximation (y, y,) l:.‘ ¥3)
approximate the derivative with the difference quotient N i |
. ¥) .~ | Eror<

y/(x) ~ J’(x0+h;_37(x0) SO ;::HJI#_,-' : J-L_Irhhn
y(xo + h) — y(xo) / rue solution curve |
h ~ f(xOI y(xO)) (xg, 1;;-5# ¥ = yix) I I
| | |
y(xg + h) = y(xy) + hf(xo,y(xo)) i h I " I B I

y(xo + 2h) = y(xo + h) + hf (xo + h,y(xo + h)) 0 X x| X3 X"

y(xo + nh) = y(xo + (n — 1)h) + hf(xo + (n—Dh,y(xe+ (n — 1)h))
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Second order ODE

Linear, constant coefficients, homogeneous differential equation
y"+by’+cy=0 b,ceR

Def: y,(x) and y,(x) functions are lineary independent of each other, if
¢,y (X)+¢,y,(X)=0<¢,=c,=0 (c,c, €R)

Theoreme: If y; and y, are two independent particular solutions of a linear, constant
coefficient(s), homogenous differential equation, then the general solution is :

Y=CY, +CY,
Solution: Find two independent particular solutions

A ! 4
y=e™ y _ Je™ y _ 12X
2e™ +ble™ +ce™ =0 e (22 +bA+c)=0
2 +bA+c=0

characteristic equation of ODE (quadratic equation to A-ra)

Depending on the discriminant D = b?-4c there are 3 different cases:
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Second order ODE

. D=b%>—-4c>0 two different real roots 4,, 4,

y, =y, =’ general solution y =c,e™* +c,e’
b o
Il. D=b*-4c=0 4, =4,=—= onedouble real root y,=¢€ 2
2
b
It can be proved, that y, =xe 2 is a solution as well, and vy, y, are linearly independent
of each other. = =
general solution y = cle_zx +c, e 2
1. D=b*-4c<0 there is no real solution
4 __h2
L BRI e U
2 — 2
A ¢
complex unit '\real number

It can be proved, that the two linearly independent solutions are:
b b
——X ——X b
; ——X

—_pa 2 —e 2 . i i
Yy =€ 7 -CoSax Yy, =€ 7 -SInaX  general solution y=e 2 (c,-cosa x+c, sinax)
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Application

When a spring is slightly deformed, it creates a force proportional and in
opposite direction to the deformation. Consider a spring-plus-body system with
a spring constant D, body mass m.

From Newton’s law: = = =
ma = —Dy = = =
d*y = = =
m—->=-D v =S =
dt? g Al =S
Let2 = w2 and 2 = § then T =
m o, dez y _ —
y+w?y=0 ylt) [-=-=--=mm -
General solution: y(t) = Clsin(wt) + C2cos(wi)
u~
Initial conditions: y(0) = 0, y(0) = vmax, v";ax = A.

vmax sin((,o t)

Particular solution: y(1) = o = Asin(wt)
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Second order ODE

Linear, constant coefficients, inhomogenous differential equation
y'+by'+cy=r(x) bceR
Where r(x) is a linear combination of e®*, sinffx, cosfx and a power function.

Solution: Unknown coefficient method

Steps.

1. Solve the homogeneous equation.

2. Write a function similar to r(x) with unknown coefficients

3. Substitute this function with its derivatives in the original differential equation.

4. Write an equation system, knowing that the coefficients of the same functions are the

same on both sides.

Solving the equation system get the unknown coefficients and the particular solution of

the ODE.

6. The general solution of the original ODE is the sum of the general solution of the
homogeneous ODE and the particular solution of the inhomogeneous ODE.

o1
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Second order ODE — numerical method

y'(x) = fl,y(),y'(x),  y(xo) =0,y (x0) = v

Reduce the ODE into two first order ODE

Notation: v(x) = y'(x), v (x)=f (x, y(x), v(x))
Initial conditions: y(x9) = vo, v(xg) = vy
Using the Euler method: y(xg + h) = yo + hv(xg)

v(xg + h) = vy +hf(x,y(x),v(x))
Example: : &

Pendulum motion, when the initial deflection is greater then 5° 4+

T
Anguiar movemext — fime fimiction ':F'(Dj = Tﬁ]:'(q:':”:[}j =10
__|..++ —
.
9 ++
\ 1
L T
\ i 1 05 0 05
l-." + D 4
_ + .
Y 1] f
4 oz 04 04 OF 1 12 14 18 18+ -0.4
\ + +
+ + -0.6
\ 1 + +
\ : + 4
\ + & 08
P _
+, o
-2 ottt
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Laplace transformation

The Laplace transform is most useful for solving linear, constant-coefficient ODE'’s

when the inhomogeneous term or its derivative is discontinuous.
The main idea is to Laplace transform the constant-coefficient differential equation for y(t)
into a simpler algebraic equation for the Laplace-transformed functionY(s) solve this

algebraic equation, and then transform Y(s) back into y(t).

Def. Laplace transformation of f(t), denoted by F(s) = L{f(t)} is defined by the integral
transform

F(s) = jooe_“f(t)dt
0

f(t) F(s) f(®) F(s)
; s2 + b2
pat 1 cos(bt) S
T _ g s? + b?
o Tl e%sin(bt) b
gn+1 (S B a)2+b2
tnpat n! e% cos(bt) s—a
(s — a)n+1 (s —a)*+b?
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Laplace transformation

. . _ )0 hat<QO : _1
Heaviside function: H(t) = {1 hat> 0 Laplace transform: F(s) = -
0 ift<a
Discontinuous function: f(t) = {1 ha a<t<b
0 ift=b

e—bs_e—as

Laplace transform: F(s) =
Using Heaviside function: f(t) = H(t —a) — H(t — b)
The Dirac delta function denoted as 6(t) is defined by requiring that for any

function f(t)
[Z F®s@®dt = £(0)

_ _ )0 hat+0
with other words §(t) = {Oo hat=0
Remark: i) _ (t)

dc
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Laplace transforms

Notation: —f(t) = f(v), dtzf(t) = f(t) (If tis the time in physical applications)

Theorem1 Suppose L}im e Stf(t) = 0 and that f(¢) is continuous and f (t) is piecewise

continuous on any interval 0 <t < A4, then

L{f (®©)} = sL{f(©} — £(0)

Proof

L{f(®)} = f f(®)e stdt = [e St F(DIF j e Stf(t)dt = —f(0) + sL{f (D)}
0

Theorem2 Suppose gim e Stf(t) = 0 and that f(t) is continuous and ft) is piecewise

continuous on any interval 0 <t < A, then

L{F®} = s2Lir®}) - s£(0) - (0)

Def. The inverse Laplace transform, denoted L1, of a function F is
L7H{F(s)} = f(t) & F(s) = L{f (£)}
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Solution linear ODEs using Laplace transformation

Let the ODE’ s shape
ay(t) + by(®) +y(&) =r(t),  y(0) =y, " y(0) = v,
The steps of the solution:
1. Take the Laplace transforms of both sides, using the Theorem 1 and 2
a(s%F(s) —sy(0) — y(0)) + b(sF(s) — y(0)) + F(s) = L{r()}
2. Solve this equation to F(s)

3. Take the inverse Laplace transform to F(s). It is the particular soltion of
the original ODE.
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Engineering Mathematics 3

Linear Algebra
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What is it about?

The fundamental problem of linear algebra is to solve n linear equations in m unknowns

Example from mechanics

sin [ F, + F, —I—sm[%]F =-1000 :
.| _ )
F_t—cos[%]FgF
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Forms of a linear equation system

Row form:
/]
2x 3 {)//
¥ x + 2|v=2
7
//
/

iy 3 4 [i 10
7

The intersection of the plots (if
they do intersect) represent the
solution to the system of
equations.

xX=6y=4

2x—3y =0
—x + 2y = 2
Vector form: Matrix form:
201 Ry B R B [ W
~[2],a=[73]b=[° _
zre v[e_ctlo]rs, [ ‘ ] [2] A= l—zl 23]

X, y are scalars, Is called a coefficient matrix

xc + yd isthe linear combination X1 .
of vectors c and d X = [y] IS an unknown vector,

xc+yd=h is the vector form Ax = b Is the matrix form

_[6
If x =6,y =4, then Jiex= [4] e

o[ 5] +4[51=[] 5 I =
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Matrices and matrix operations

Definition: A matrix is a rectangular array of numbers. The numbers in the array are called the
entries in the matrix

ai1 0 Qun
A=A, =1| ' : | Size is m by n (written m x n or mn). In a size description,

Am1  *° Omn
the first number denotes the number of rows, and the second denotes the number of columns.

A matrix with only one column is called a A matrix A with n rows and n columns is called a
column vector or a column matrix, and a square matrix of order n, the a;¢,azy ... ..., Ay
matrix with only one row is called a row entries are the main diagonal of A.

vector or a row matrix

A square matrix is called identity matrix, if the

a] entries of the main diagonal are 1, the other entries
n are 0. L0 0

=ﬁ= al,az
I3=(0 1 O
0 01

If A is any matrix, then the transpose of A, denoted by AT, is defined to be the matrix that results
by interchanging the rows and columns of A.
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Matrices and matrix operations

Definition: Two matrices are equal if they have the same size and their corresponding entries are
equal. A Brw If &y=by Vi, k(i=1...m, k=1...n)

Definition: If A and B are matrices of the same size, then the sum A+B (difference A-B)

ik |y # ik by o =ik £Pik b

Properties: A+B=B+A commutative
(A+B)+C=A+(B+C) associative
A+0=A zero element (a matrix for which every entry is 0)
A+X=0 (X=-A)

Definition: If A is any matrix and A is any scalar, then the product AA is the matrix obtained by
multiplying each entry of the matrix A by A. The matrix AA is said to be a scalar multiple of A

Maix | =[2aix |

Properties:: (A A)A=A (ALA) associative
(A+A) A=A A+LA distributive

A(A+B)=LA+AB distributive
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Multiplying Matrices

LZ —23H4' =[0] because 2- 6+ (=3)-4=0,and (—-1)-6+2-4 =2

b11
Definition: AB = ] [ E the entry in row i and column j of AB is given
by (AB)U allblj + al2b2] alT‘ Tj"
Remark: The definition of  matrix A B AB
multiplication requires that the number of m x.r roxon m X n
columns of the first factor A be the same as the [ T Inside [

number of rows of the second factor B in order Outside
to form the product AB. :

Properties: AB#BA non commutative
(AB)C=A (BC)  associative
(A+B)C=A B+AC distributive
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Determinant
Definition: The determinant of the matrix A,,, is the following number:
a1 2
a1 a2

detA=

‘ =a1ag2 —a2az]

Definition: If A is a square matrix then the minor of entry a; is denoted A;; and is defined to be the
determinant of the submatrix that remains after the iy, row and j;, column are deleted from A. The
number C;; = (—1)"*/4;; is called the cofactor of entry a;

Definition: If A is a nxn matrix, then the number obtained by multiplying the entries in any row or
column of A by the corresponding cofactor and adding the resulting product is called the
determinant of A, and the sums themselves are called cofactor expansions of A.

detA = a,;;Cyj + ay;Cy; + - + ay;Cyj (cofactor expansion along the jth column)

detA = a;1Cj1 + a;2Cin + - + a;,C;,  (cofactor expansion along the ith row)

Remark: Note that a minor and its corresponding cofactor are either the same or negatives of each

other and that the relating sign (—1)!*/is either +1 or —1 in accordance with the pattern in the
“checkerboard” array -

t = i
t - }

{ -_
- 4

{ —_
- 4
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Determinant

Definition: If det A #0 then A is called regular matrix, if det A =0 then a is called singular matrix.

Rule of Sarrus: Determinants of 3x3 matrices can be evaluated very efficiently using the pattern
suggested in the next flgure'

a2 a1 11
det A= aZl 2 a23 a1182833 + 19873831 + 8138137 — (&11a23a3 + &12a21a33 + & 221333)
a31 a3 33 3 32 433

Properties: Let A be a square matrix,

1. if A has a row of zeros or a column of zeros, then detA=0.

det A=det AT

3. 1f B is the matrix that results when a single row or single column of A is multiplied by a scalar Kk,
then det B=kdet A.

4. If B is the matrix that results when two rows or two columns of A are interchanged then
det B= —det A.

5. If B is the matrix that results when a multiple of one row of A is added to another row or when a
multiple of one column is added to another column then det B=det A.

N
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Adjoint and inverse of a matrix

Definition If A'is any n x n matrix and C;; is the cofactor of a;; then the matrix

(C11 Cx1 Cr |

Cp C C
adjp=| 12 C22 n2

is called the adjoint of A.

Remark: adjA is the transpose of the cofactor matrix.

Theoreme: If A is any nxn matrix (adj A)A=A(adj A)=(detA)l, where | is the identity matrix.

Corrolary: If det A #0, then A(adjA) _ |
det A

Definition: If A is a regular square matrix (det A #0), A~1 is called the inverse of the matrix, if
A™1A = AA™1 =1 , where I is the identity matrix.

1 adjA

Corollary: A
det A
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Solution of a regular linear equation system

Defintion The form of a linear equation system with as many equations as unknowns (n) is
a11x1 + alzxz + -+ alnxn = b1
ar1X1 + ary2X- + -+ AonXn = bz

where the x, (k =1,2,...,n) is the kth unknown, the a; (i=1,2, ..

Ap1X1 + AppXy + o+ AppXy = bnl

Ny k=1.2,...n),b;are real numbers.

Define a matrix from the coefficients, from the unknown and from the constants from the right hand

side.

A=Anpxn =

ETREY,
ap1 ap

anl an2

n
an

ann |

X1
X2

The short form of the system is Ax=Db.

Definition: A linear equation system is called a regular one, if it has as many equations as unknowns
and det A #0.
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Cramer’s rule

Cramer’s rule: The solution of a regular equation system is x=A'1b

Theorem: If Ax=Db is a system of n linear equations in n unknown such det A # 0, then the system
* issolvable

 has a unique solution.

i ) det A det A det 4
The solution is x; =—=t , x; =—==2 ..., X ="

replacing the entries in jth column of A in matrix b.

where A; is the matrix obtained by
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Matrix form of a general linear equation

system

Definition: A system of m linear equations in n unknown is

where the x, (k =1,2,...,n) is the kth unknown, the a;, (i=1,2, ..

11X + 812X + ...+ &k Xk + ...+ 81Xy =0y
d21X] +angoXo +...+ Aok Xk +...+AonXy = b2

dj1Xg +adj2Xo +...+ Qjk Xk +...+AipnXpn = bi

am1X + amoXo + ...+ amk Xk + -+ amnXn = bm

numbers.

a1 A2

ap1 app
A:Amxn:

' dm1  3m2
coefficient matrix

- T ETHEE: a
an X, b, 11 &2 1n
aon X, b, a1 ap an

X= b= B= Bmx(n+1) =
4mn | X b amp a a
L*n | Ym |  9m1 9m2 mn

augmented matrix

unknown vector constant vector
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Existence and uniqueness of the solution,
elementary row operations

A solution of the system is a list {s, , S,, . . ., S, } of numbers that makes each equation a true
statement when the values s, , S, . . ., S, are substituted for x, , X,, . . ., X, , respectively.

A system of linear equations has
* no solution or

» exactly one solution or
 infinitely many solutions

Questions:

A system of linear equations is said to be consistent if it has
either one solution or infinitely many solutions; a system is
inconsistent if it has no solution.

1. Isthe system consistent that is does at least one solution exists?
2. If a solution exists, is it the only one; that is, is the solution unique?

Algebraic operations that do not alter the
solution set:

Row operations with an augmented matrix
correspond to the equation:

E1. Multiply an equation through by a nonzero M1. Multiply a row through by a nonzero

constant.
E2. Interchange two equations.

constant.
M2. Interchange two rows.

E3. Add a constant times one equation to another. M3. Add a constant times one row to another.
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Reduced row echelon form: Gauss-Jordan elimination

Forward phase: A matrix is in row echelon form if it has the following properties:

1. All nonzero rows are above any rows of all zeros.

2. Each leading entry of a row is in a column to the right of the leading entry of the
row above it,

3. All entries in a column below a leading entry are zeros.

Backward phase: In reduced echelon form there are two additional conditions:
4. The leading entry in each nonzero row is 1.
5. Each leading 1 is the only nonzero entry in its column.

01 * x| |o1*=*| [p1=*= o100l |lo1o=*| o1 ==
001 * loo1 =] [0000 oo1o0f [oo1= |oo0o0aof
o001 loooo| 0000 0001 |looool |loooo

row echelon form REF reduced row echelon form RREF

A pivot position in a matrix A is a location in A that corresponds to a leading 1 in the reduced echelon
form of A. A pivot column is a column of A that contains a pivot position.

A linear system is consistent if and only if the rightmost column of the augmented matrix is not a pivot
column — that is, if and only if an echelon form of the augmented matrix has no row of the form
[0 ... 0b] with b nonzero.
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Solving a linear system using Gauss-Jordan elimination

1. Write the augmented matrix of the system.
2. Use the reduction algorithm to obtain an equivalent augmented matrix in echelon form. Decide
whether the system is consistent. If there is no solution, stop, otherwise go to the next step.

B~ w

Continue row reduction to obtain the reduced echelon form.
Write the system of equation corresponding to the matrix obtained in step 3.

5. Rewrite each nonzero equation from step 4 so that its one basic variable is expressed in terms of
any free variables appearing in the equation.

X, +2x, +3x; =1

X% +3x, tox; = 1

3x,— x,—4x;=1
9% +2x, — x3=1
ox; +2x, + x3=1

X1 —8x, +9x53 =-32

[y (] [y

B - R T
|
[ T R PR

| |
— 4= [ Lad
b b b

—
—

=

1
0
0
0
0

0
1
0
0
0

Lo}

0 -1| X =-1 Xp+ Xp+ Xg— X4 =4

0 4

0 0 luti

one solution L 111 4 101 0 6

1-11 1 8|=p|{010-1-2
31 13 -116 0oo0 0 0

10 Xp =6—X3

-1 0 no solution =L

01 . e . .
infinite number of solutions

with two free variables
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Vector space

Definition: Let V be an arbitrary nonempty set of objects, on which the addition and multiplication
by scalars are defined. If the following axioms are satisfied by all object u, v, w in V and all scalars
A and u, then we call V a vector space and we call the objects in V vectors.

If uand w are objects in V, then u+v isin V.

u+v=v+u

u+(v+w)=(u+v)+w

There is an object 0 in V, called a zero vector for V, such that 0+u=u+0=u.

For each u in V, there is an object —u in V, called a negative of u, such that u+(-u) = (-u) +u=0.
If A is any scalar and u is an object in V, then Auisin V.

AMU+V)=AU+AV

(A+p)u= Au+puu

. AMuu)= (Apu

10. 1u=u

N2 9 =l G Ol g 09 [ e

Remark: The definition of a vector space does not specify the nature of vectors or the operations. Any kind of
object can be a vector . The only requirement is that the ten vector space axioms be satisfied.

Examples:

1. Geometrical vectors: V = R? (vectors in plane is called 2-space vector), V = R3 (vectors in space, 3-space )
2. 'V = M, (3 by 3 matrices)

3. V:convergent infinite sequences of real numbers

4. 'V :real functions with one variable
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Subspace, linear combination, linearly
independent and dependent set

Definition: A subset W of a vector space V is called a subspace of V if W is itself a vector space
under the addition and scalar multiplication defined on V.

Subspace examples
1. Planes through the origin are subspaces of R3

2. M= [g g] matrices, a, b € R are subspaces of M,,.,
3. Number sequence approaches to 0 is a subspace convergent infinite sequences of real numbers

Definition: If w is a vector in a vector space V , then w is said to be a linear combination of the
vectors vy, V,, ...., V, in V, if w can be expressed in the form w = A;v; + A, v, +...+xA,v,

Definition: Let S={v,, v,, ...., Vv, }be a nonempty set of vectors in a vector space V. If the vector
equation A,v; + A,v,+...+4,v,, = 0 has only one solution (trivial solution) namely 4; = 0,4, =
0,...,4, = 0, then we call S a linearly independent set.

If there are solutions in addition to the trivial solution, then S is said to be a linearly dependent set.

Linearly independent examples
1. InR3spacei =(1,0,0),j =(0,1,0), k =(0,0,1)
2. In R™ space the set of standard unit vectors e; =(1,0,0.....,0), e, =(0,1,0,....,0),..., e, =(0,0,0,....,1)
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Linearly independent and dependent vectors

(a) Linearly dependent (b) Linearly dependent (¢) Linearly independent
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Span, basis, coordinates, coordinate mapping

Definition: If any w vector in a vector space V is expressed as a linear combination
W = V5 + v, +.. . +c, vy, for some coefficients c;, then the vectors

Vi1, V,, ..., V, are said to span the space. Notation: span(V)

Definition: If V is any vector space and v,, v, ...., v, is a finite set of vectors in V, then it is called a
basis for V, if

* Vy,V,, ..., V,setis linearly independent

° Vi, Vy, ..., VySet Spans V.

Definition: If S={v,, v,, ...., v, } is a basis for a vector space V and

W= 1V + C2V2+...+Cnvn
IS the expression for a vector w in terms of the basis S, then scalars ¢y, c,, ..., c,, are called the
coordinates of w relative to the basis S, the wg =( ¢4, ¢y, ..., c,) Vector is called coordinate vector

of w.

Definition: If S={v;, V,, ...., v, } is a basis for a finite-dimensional vectorspace V and if
ws =( ¢4, Cy, ..., Cy) IS the coordinate vector of w relative S, then, the mapping w — (w)g creates a
one-to-one correspondence between vectors in the generated space V and vectors in the familiar

vector space R™. It is called a coordinate map from V to R™. The coordinate vector in matrix form:
€1

Cn
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Coordinates in R? and R3

Trivial bases Ay

1. InR3spacei= (1,00),j= Pa. b)
(0,1,0), k = (0,0,1) b——————— -

2. In R™ space the set of :
standard unit vectors I
e, = (1,0,0,....0), L
e, = (0,1,0,....,0), 0 a
e = 000,...1 Coodaes o 02 cangr

Coordinates of P in a rectangular
coordinate system in 3-space.

) | ) s e ’
w T ol €2 b ______ft_ﬂ.' %)
: /
O l!
_:" "
v k" U; a -

Coordinate map Coordinates of P in a nonrectangular

coordinate system in 2-space.

Coordinates of P in a nonrectangular
coordinate system in 3-space.
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Dimension of a vector space, rank of a matrix

Definition: The dimension of a finite-dimensional vector space V is denoted by dim(V) and is defined
to be the number of vectors in a basis for V. Dimension in other words: degrees of freedom.

a1 @2 dn
ap1 ap aon
For an nxm matrix A=
| dm1  @m2 amn |
Definition:
The vectors v; = [a;; aqp ... Qqq]
vy = [az; azp ... azyl
Vin = [aml Am2 - amn]

in R™ that are formed from the rows of A
are called the row vectors of A.

Definition:

ajq Ao Ain
az1 a22 az

The VECtOfS W1 = . ) WZ = 0 J vy W1 = :n
a Am21

ml amn
in R™ that are formed from the column of A are called

the column vectors of A.

Theoreme: The row space and column space of a matrix A have the same dimensions

Definition: The common dimension of the row space and column space of a matrix A is called the rank of A and is
denoted by rank(A);
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Change of basis

Problem: If w is a vector in a finite-dimensional vector space V and if we change the basis from basis B to a basis B’,
how are the coordinate vectors [w]g and [w]gr.

Definition: Let B={b,, b,, ... b,,..., b, } be abasis of V, c = ¢;b; + c;b,+...ckbi+...4+c, b, ¢, # 0 Dbea

vector in V.
We call it an elementary change of basis, if we change b, into c, the new basis is B’={b,, b,, ... c,..., b, }

Original c X New C X
Procedure: basis basis
b b 0 — 3§
c = c;b; + byt +cpbyt..tcyby,, o £ 0 1 ‘1 1 1 174
X = x1b1 + x2b2+...+xkbk+...+xnbn hz “ ) hf 0 h T eG
Express b, from ¢ and substitute it into X. Then we get the i _ _
coordinates of x in the new basis. by, c b c 1 8
C1 Cy 1 Cn
= - - _ooo+_ +ooo__ :
b, o b, o b, . o b,
X = (x1 — 6C1)b1 + (xz_6C2)b2+...+5c+...+(xn_5ck)bn
where § = *k b, ¢, x, b, 0 x, —dc,
Ck
5
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Change of basis - example

Example:

Solution:

Letb, = (-1,1,—1),b, = (2,1,0),b; = (1,—1,1) be vectors in R3.

1. Are these vectors linearly dependent or independent vectors?

2. What is the dimension of the space generated by b,, b,, b3?

3. Choose as many basis vectors from by, b,, b3, as you can.

4.1f c = (4,3,2),d = (4,—1, 2), are these vectors in the space generated by b4, b,, b3?
5. If one of c or d is in the generated space, give its coordinates in the new basis.

Create a table from the vectors, where e, , e,, e;are vectors of standard basis and use
elementary change of basis, as many as possible. We need the coordinate vectors of the old basis relative
to the new basis.

b, b, by C d b, b, b, C d
e, -1 2 1 4 4 b, 1 -2 -1 -4 -4
e, 1 1 1 3 1 e, =b; o 0 3 0 7 3 e3=Db,
e, -1 1] 1 2 2 ey 0 -2 0 -2 -2
& -2 -1 4 -4 & ] 1 1
b, b, b, c d 1. bs; =—b,,soe.g.1b; + 0b, — 1 b; = 0 dependent vector system.
b, 1 0 1 2 -2 2. dim(bq, b,, b3)=2
e, 0 0 0 4 0 3. B{b,, b3}
b, 0 1 0 1 1 4. cisnotin the space generated by b,, b,, b; (c = —2b; + 4e,+1b5)

d is in the space generated by b, b,, b; (d = —2b,+1b5)
5. d = (—2,1)3
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Vector form of a linear equation system

Definition: A vector form of a linear equation system of m linear equations in n unknown is
X1dq + xzaz+...+xnan: b

rag1 ] (21 [ (na ] (b1 ]
a1z G2z Y i b b,
where a; =| : Q=] | ... L : — are vectors.
_al'm_ | Ao LAnm -bm-

Alternative questions:
1. Can vector b be expressed as a linear combination of a,, a,, ...a, vectors?
(Is the system consistent, that is, does at least one solution exist? )

2. Arevectors a,, a,, ...a, linearly independent of each other? (If a solution exists, is it the only one; that is, is
the solution unique?)

Xy Xz X3
ﬂl ﬂz ﬂi bj-
2% +x3=4  1x+0-x+(-1)-Xx3=-2 Ng solution, because e, 1 2 1 a
X+ Xp-x3=3  0:x+0-x2+ 0-Xx3= 4 of the second row e, 1 1 1 3
-+ +x3=2 Ox+lxp+ 0-x3=1 e, 1 0 1 2
—X1+2X2+X3=4 1:x+0-xp+(-1)-x3=-2 X, = —2+ x5 a, a, a; b,
X+ Xp—Xg=-1 0-x+0-xp+ 0-x3= 0 x, =1 b, 1 0 1 2
X+ 4 xge2 0-x+1X+ 0-x3= 1 Infm!te nurr_1berof e, 0 0 0 4
solutions with one b, 0 1 0

free parameter
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Eigenvalue, eigenvector

Definition: If A is an nxn matrix, then a nonzero v in R" is called an eigenvector of A

Av = v (1)
for some scalar of A. A is called an eigenvalue of A. and v is said to be an eigenvector corresponding
to A.

Equivalently :

(A-ADHv=0
where | is the identity matrix.
If the coefficient A — AI were nonsingular, the unique solution of equation (1) would be v=0,
which is of no interest. To obtain a nonzero solution of the eigenvalue problem, A — AI must be
singular.

det(tA—Al) =0
This equation is called a characteristic equation of A.

Example: If 4 = [_25 _22] then the characteristic equation is |_52_ A _22_ A= 0 or

the characteristic polynomialis (-5 —A)(-2—-A1)—-4=12+71+6=(A1+6)(A+1)=0

So the eigenvalues are A=—-6,1, = —1.
Ifv = [;Cﬂ for ;= —6 B i] [2]:[8] X, +2x,=0 x,=-2x, eg v;= [_12]
2x1+4x, =0
for ;= —1 [_24 _21] [;C;]=[8] —4x,+2x, =0 2x,=x, eg V,= B]

2x1— x,=0
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Diagonization

Properties:

1. The eigenvalues of an upper or lower trigonal matrix are the diagonal entries.

2. The eigenvalues of a diagonal matrix (all the entries except for the main diagonal are zero) are the
diagonal entries, and the eigenvectors are the trivial basis of the column vector space.

3. The eigenvectors of a real, symmetric matrix with distinct eigenvalues are mutually orthogonal.

4. The product of eigenvalues equals to the determinant of the matrix.

Definition: A square matrix A is said to be diagonalizable if it is similar to some diagonal matrix,
that is, if there exists an invertible matrix P such that D = P~1APis diagonal.

Remark: If D = P~1AP then A = PDP1,

Theorem: An A nxn square matrix is diagonalizable if and only if A has n linearly independent
eigenvectors and P is the matrix constructed from the linearly independent eigenvectors.

Example: Show that A = [g _31] Is a diagonizable, B = [(2) % Is not diagonizable matrix.

. _ _ I 1 6 —17_f1 1115 o111 117* 1 1115 0112 -1
Solution: For A1, = 5,1, = 4,v, = [1],v2 = [2].30 [2 X H1 2] [0 4] [1 )| = [1 ) [0 4] [_1 ) ]
For B there is only one eigenvalue A; = 2 and for all eigenvectors the second coordinate is equal to 0. It has

no two independent eigenvectors, so it is not a diagonizable matrix.
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Principal axes theorem

Definition: If A is a symmetric nxn matrix, and x is a nonzero column vector in R"™ then the number
Q(A®X)) = xTAx
Is called the quadratic form associated with A.

X1 aiq air . . ]
If n=2, x = xz]’ A= [an azz], then Q = a; x% + ay,x2 + 2a,,x,x, (in geometry conic sections)

(X1 aj1 Aq2 43
If n=3,x = [X2|, A = |a12 a2 az3|,then
| X3 i3 Qdz3 dAzz

Q = ay X7 + appx5 + az3x3 + 2a;,x1X, + 2a43x1X3 + 2a,3x,x3 (in geometry second ordered surfaces)

The numbers x4, x,, x5 are the coordinates in the e, e,, estrivial basis. Let the eigenvalues of 45,3
symmetrical matrix be 4;, 1,, A5 and let the appropriate eigenvectors be vy, v,, vs.

Make a basis transformation, and let the new basis be the eigenvectors be vy, v,, vs.
In the new coordinate system x” = [yy, ¥5, V3] = y1V1 + YoV, + Y33,
Avy = A4vq, Avy, = 4,05, Avy = A3v3
Then x"Ax = (y1V1 + YoV, + ¥3V3) (1A1V1 + Y2A,V2 + Y3d31V3) = 4iy7 + A5 + A3y3.
0ifi #j
1ifi =j
Definition: We call a basis transformation a principal axes transformation, if we transform a
quadratic form into the basis of eigenvectors be vy, v, vs...., v,,.

We used v;v; = {
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Principal axes theorem

Central conics in standard

A % ) position:
B
B B
B .
- a 0]||X
. _‘ Ld [o b] [y]
—¥ a o — o - i i -
B F Bl Central quadratics in
B standard position:
2,2 EN 2 2, 22,
a-  B° a- g o B° o
(= 3 >0) B=a>0) (=0 g=0 (=0, 8 =0) X

a 0 O
[xyZ][Ob 0“

0 0 ¢

y
z

|

A central conic in not standard form A central quadratic in not standard form

2
5 T 7 ,' <
3 e AL
7 | KL L AT
- A
W NP4,
o sawr el _ KN F
2 1 b2 NN NK | 2
v > . a4
v -~
- =
27 -1
7 g
=7

2x2+ 6y%2 +2z2+8xz=1

8x2+ 5y —4xy=1

PTE MIK lldiké Perjésiné Hamori PhD



First-order, linear, homogenous differential
equation systems

Definition: Equation y' = Ay
4
y
y} ai; 0 Qin y;
where y' = yf A=l E Ly =7
yr,l n1 ** Ann Vo
Is called a first order, linear, homogenous differential equation system.
Solution: Solution: The coefficient matrix 4 = [11} _12]
* Find a matrix P that diagonalizes A. el —3pe [1 1 ] D [2 0
« Make a substitutiony = Pu, y’' = Pu’ to v 1 —4l’ 0 -3I
obtain a new ,diagonal system” u’ = Du, || %1 = 2t Uz = —3U;
where D = P~1AP u= [ Cle_3x], y = Pu then
« Solve u’ = Du ©2¢ S—
« Determine y from th tiony = Pu. = €€ €2¢ .
etermine y from the equation y _4]Lze i e
; From the initial condltlons c1t+c=1
Example: Solve the system y; = y; + vy, —4c, = 6
V2 = 4y — 2Y,. =2 — —1. So — Dp2X _ p—3x
Find the solution that satisfies the initial conditions aT e ' y y; 2e2€‘ n 4:—3x
y1(0) = 1,,(0) =6. :
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Mathematics 3

Differential equations1 First order- Analitical and numerical solutions

First order separable ODE

1.

The number of bacteria in a certain culture grows at a rate that is proportional to the number
present. If the number increased from 500 to 2000 in 2 hours, determine

a. the number present after 12 hours

b. the doubling time.

In some cases it is reasonable to assume that the resistance encountered by a moving object, such
as a car coasting to a stop, is proportional to the object’s velocity. The faster the object moves, the

more its forward progress is resisted by the air through which it passes.
%=—kv v(0)=v, k>0
What can we learn from the solution of the ODE?

. A body with mass m free falling under gravity but with air resistance. We assume that the force of air

resistance is proportional to the speed of the mass and opposes the direction of motion.

km
m—=—-mg — kv v(0) = 200 W

As an example, a skydiver of mass m = 100 kg with his parachute closed may have a terminal velocity of
200 km/h, g = 9.81 ;n—z, k = 63.54 %‘q. What is the speed after t = 4 sec?

Give the general solution
a. (2x+1)y'—3y=0
b. 2xy+3y)y —y?—-2=0
c. 2(xy+x—y—1)=(x?-2x)y'
d -1y =y
Find the particular solution
a. x(I1+y)=y'(1+x) y(0) =2

1

, 1
b. x/1—y%=yy'v1—x2 y(5)=5
c. Cx+1y =2y(lny+1) y(1)=e

First order linear ODE
6. Give the general solution

7.

a. y—-2y=5
b. y' +3y=e?*
c. y'cosx +ysinx =1
d xy'=2y=x3+1
e. xy' +y=xlnx

Find the particular solution

a. y—-2y=5 y(1) =

b. ¥y +3x%y=x* yQ)= %
l - 1

c. yt+y=e™* y(ln5)=

d. y'+2xy = 2xe™ y(Vin2) = %(1 + In2)

8. Find the analitical and numerical solutions

a. y' =2xy y(0)=1 a=0 b=1 n=>5
b. y' =y — x? y(0)=-1 a=0 b=1 n=10
c. yy=2y—e* y(0)=0 a=0 b=12 n=4
d y'=x—y y(0)=1 a=0 b=1 n=+4%



1.a. m=2 048 000 b. t=1h

km
3.v=154== 3
4.a.y =C(2x+1)2 b.y=1v2Cx+3C—2 c. y=—1+Cx(x—2)
A/1=x2
dy=C 10X
x+1 . 1
_3e¥-1-x _ X
5.ay= el b.y=x ) c. y=e3 3 )
6. a. y=Cezx—E b.y:Ce‘3x+Ee2x c. y=Ce‘3x+§ezx
— (2 3_1 ¢4 1 _1
d.y—Cx5 +11 > e.y—)lc+2xlnx 2 X
3
7.a.y=—5+7ezx‘2 b.y:§+el‘x cy=(x+1+In2)e™™
d y= @2+ 1)e™
8. a.
5o [0 12 3 4 1] Y5 :=[1, 1., 1.080000000, 1.252800000, o) =~
>3 503 1.553472000, 2.050583040 ]
8b. - [o, % % 13—0 % % % % Y10 =[ -1, -1., -1.020000000, - 1.060800000, - 1.124448000,
-1.214403840, - 1.335844224, -1.496145531, -1.705605905,
4 9 1} -1.978502850, -2.334633363]
5°710°

y(x)=2—|—2x+x2—3ex

8.c. X4 =10, 0.3000000000, 0.6000000000, Y4 :=[2,2.,2.360000000, 3.209600000,
0.9000000000, 1.200000000 ] 4.942784000]

y(x) =¢" + & *
8.d. _ -x —|g L L 3
y(x)=-1+x+2¢ X4.—[0,4,2,4,1]

Y4:=[1,1., 1.125000000, 1.406250000, 1.933593750]
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Differential equations2

Incomplete second order ODE
1. Find the general solution

a. y'=x+sinx f.y”=y;+x
b. ¥ =Inx g 2xy'y" =) +1
c. xy'=y' h.y"(1—y)+2(y)?=0
d y"=y"+x L)+ 2yy" =0
e. y'+2y =e” jyy" =1+ 0"

2. Find the partlcular solution
a. y'=y'+e* y(0)=-1 y()=e
b. y"yIny = —(y")? y0)=e  y'(0)=2
c. y'(x*+1)=2xy y@=1  y'(0)=

rn 1

d V' =F= y@©=2  y)=3
e. yy" =2(y")? yO=1 y1)=2

Linear, second order ODE with constant coefficients
3. Find the general solution

a. y'—y' =2y=0 y(0) =0, y'(0)=1
b. 2y"+5y'=3y=0 y0)=1y2)=e
c. y'—16y'+64y=0 y(0) =0, y'(0) =-1
d 3y"-2y'"+y=0 y(0) =0, y'(0) =-1
e. 9" —-6y'+y=0 y(0) =0, y'(0) =-1
f. y'"—4y"+13y=0 y(0)=1,y'(0) = -2
g y' -y —6y=0 vy =2 y1)=1
h. y'"=2y"+y=0 y(0)=§,y(1)=1+e
4. Find the particular solution
a. y'+y —2y=2x*-3 Yy = Ax* +Bx +C
b. y"+ 2y + 2y =17cos3x Yp = Asin3x + Bcos3x
c. y" =3y —4y=6e* yp = Ae?*
d y"'—y —2y=2e3* —4x? + 8x Yy = Ae** + Bx* + Cx + D
e. v'+9y=13xe?* ¥y = Ae**(Bx + ()
5. Find the general solution (resonance case)
a. 3y"+5y —2y=7e§ — 4x yp=Ax+B+Ce%xx
b. y"—3y' =12x+8 Vp = (Ax + B)x

1 1
c. 9y" -6y +y=36es" Y, = Ae3" x?



la.y(x)==—x" —sin(x) + CIx+ C2

b.y(x)=— 2ln()c) — %xz + Clx+ _C2

C.y(x)= CIl+ C2x°

d.y(x) = —%x2+ex_C] —x+ C2

1 1 5
e - - x_ L X
y(x) 3 € 7 Cl+ _C2
f. y(x)=%x3+%_C1x2+_C2
_ 2 (-1+ _cix)*? _ 2 (14 ci1x)??
9. y(x) =3 i +_C2 y(x) = -3 i + 2
. y(x) = Lt _Clx+ €2
Y Clx+ _C2
I, %y(x)“2 — Clx— (C2=0
. (=) (=), )
X =L Cl Cl
i 1 1 Cl Cl _1 ci (e— j (e— ) + 1
Jyx) == _c1 —5 o Tle T e )=y )
(6_01] (e_czj o Cl o CI
2.8 p(x)=| -1+ —— )x— ¢
y(x) (1+e_l+xe p—
b. y(x)(In(y(x)) —1) = 2x
1 3 3
=1 — -
cy¥) =1+ =2+ =x
d. y(x) =xarcsin(x) ++/ 1 ¥ —x+1
2
€. = -
W) =-T">
1 —x 1 2x lx 8x 8x
3.a.y=—§e +t3e b.y =ez c.y =e* —9xe
1 1
1. 1 4
A y(x) = -2 V7 e sin[%ﬁx] e.y = e (1-3%)
4 . 1-2e3)e 2% +(2e72-1)e3%
f.y= —Eezx sin 3x + e?* cos 3x gy _ (-2 )ee_;_(e: e

h. y =e* 1 + xe*
4.a. y=Ce*+Cre ™ —x—x? b. y=Cie *sinx + C,e *cosx + Ssin 3x — gcos 3x

c. y=Ce*™ + Cre™ —e?* d. y=Ce®* + Cre™ + %83" +2x%>—6x+5

1 1 1
5.a. y=Cle‘2x+Cze§x—%e5x+2x+5+xe5x b. . y=C1§e3x+Cz—2x2—4x

1 1 1
C. y=Ce3" + Cxes” + 2x%e3”
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Differential equations3

Second order ODE Euler method
1. Find the numerical solution on the given interval

a. 3yy"+@)*=0 y@©=1 y'(0)=3 [ab]=1[02] n=5
b. y'=—-y+y' y(0)=1 y'(0)=0 [ab]l=1[01] n=4
c. y'+xy=0 y(1) =1 y'(1) =3 [a,p] = [1,3] n=6

Laplace transformation

f(0) F(s) Ji0) F(s)
1 1 sin(bt) b
S s? 4+ b?
et 1 cos(bt) s
s—a s?+b?
t" n! esin(bt) b
Sn+1 (S— [1)2+b2
the™ n! e cos(bt) s—a
(s —a)*! (s — a)2+b?

2. Find the Laplace transform

af®)=1 b ft)=t> c f(t)=e3 d. f(t) =sin2t
. ot _ (0 ift<o0 . . .
e; f(t) = cos 3 fH() = {1 ift>0 (Heaviside or unit step function)
0, Hy(t) = f(t) = {2 i; i i i express it using Heaviside function
0 ift<2
h; H,(t) — Hy(t) = f(t) = {1 if 2 <t <4 (step up step down function) express it using
0 ift>4

Heaviside function
3. Find the inverse Laplace transform

o ) $—9

a. F(s) = =26+ b. F(s) = (52+1)(s2+4) C.F(s) = 52—65+5
—352-125-8 255 s?-65+10

d. F(s) = —erD? . F(s) = Ziors f. F(s) = (s-2)(s—1)(s-3)

4. Using the function show that

L{f (O} = sL{F (9} = £(0) and L{f (1)} = s2L{f(©)} — s£(0) — £ (0)
af(t)=1 bf(t)=e b; f(t) = 2t

5. Solve the ODE-s using Laplace transformation
a. y'—6y'"+5y=0 y0)=1, y'(0)=-3
b. y' +2y=4te”?*  y(0)=-3
c. y'=3y"+2y=e3% y0)=1,7y'(0)=0
1 ifost<4

d y'+4y=f1® y(0)=3, y'(0)=-2 f(t)={o if t=40rt<0

e. 2y"+y" +2y=Hs(t)—Hy(t) y(0)=0, y'(0)=0
f. 2y"+y " +2y=6(t—-5 y(0)=0, y'(0)=0



la. x= [O, 24 E, %, 2} Y:=[1.,2.200000000, 2.920000000, 3.561454545, 4.155938322,

>33 4.717344700]
b. x:= {o, %, % %, 1} Y:=[1. 1,,0.9375000000, 0.7968750000, 0.5625000000]
C.X= [1, %, % 2, % % 3] Y:=[1.,2.,2.888888889, 3.481481481, 3.539094650, 2.823045267,
1.189452827]
1 2 _
2.a. F(s)—; b.F(s)—S—3 c.F(s)—3+s
d.F(s) = =2 e F(s) = —5_ 8. F(s) =2, F(t) = H(t — 4)
’ s3+4 ' 9s3+1 ’ s '’

h.F(s) = S0, f(t) = H(t — 2) ~ H(t — 4)

— St t
8a p Loy 200 b Lanon + 2 C. [f=-ei+2e
3 3 3 3
2 -2 - 5 1
d. r=(02~4-3)e? e ,u%e2f(4cos(2z)—9sin(zt)) f. f:=?e’—2e2’+7e3f
5a. 2¢—¢' b. (274 —3)e™?! SREIN D S T NS S

d. d—zy(t) + 4y(t) = Heaviside(¢) — Heaviside( -4 + ¢)

y(t) = -sin(2¢) + 3 cos(2¢) + % Heaviside(t) — % Heaviside( -4 +¢) + % Heaviside( -4 + 1) cos(-8 +21) — % cos(2 t) Heaviside(z)
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Determinant, adjoint and inverse of matrices, Cramer’s rule, Gauss-Jordan elimination

CAS practices

Download Determinant, gauss elimination.mw file, solve the exercises.

with(LinearAlgebra): Determinant, ColumnOperation, RowOperation, Adjoint, GenerateMatrix, GaussianElimination,
ReducedRowEchelonForm, BackwardSubstitution

Paper work

1. Evaluate the determinants of the matrices:

1 -2 3 c -4 3
T B I =P

2. Find all values of A for which det4A = 0

1-4 4 0
a=[72 v A=l 0]
0 0 A-5

3. Decide whether the given matrix is invertible, and if so, use the adjoint method to find its inverse.

2 5 5 2 -3 5
A=|-1 -1 0] A=|0 1 —3]
2 4 3 (U 2
4. Solve the next linear equation systems (LES) by Cramer's rule, where it applies.
7x1 — 2x, =3 -4x + 5y =2 X1 —3x, +x3=4
3x;+ x, =5 11x+ y+2z=3 2X1 — X, =-2
x+5y+2z=1 4xq —3x3=0

5. By examining the determinant of the coefficient matrix, show that the following system has a nontrivial
solution if and only if a=p.
x+ yt+taz =0
x+ y +pz =0
ax+py + z=0
6. Solve by Gauss-Jordan elimination

X1+ x; +2x3 =28 x+ y+2z=1 X, + 3x, —2x3 + 2Xs =0
—X1— 2X, +3x3 =1 4x+4y+52=6 2x1 + 6x, — 5x3 — 2x4 +4x5 — 3x5=-—1
3x; — 7x, + 4x3 =10 7x +7y +8z =10 5x3 + 10x, + 15x, =5

2x1 + 6x5, + 8x4 +4x5 + 18x5 = 6

7. Determine the values of a for which the system has no solutions, exactly one solution, or infinitely
many solutions.
x + 2y =1 x+ 2y—3z=4
2x+ (a> —14)y=a—1 3x—y+5z=2
4x+y+(@*—14)z=a+2
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Vector space, elementary change of basis

o s W

10.
11.

12.

Let V be the set of all ordered pairs of real numbers, and consider the following ,,addition” and ,scalar
multiplication” operations on u=(u1,uz) and v=(v1,v2): u+v=(ui+vi,uz+vz), ku=(0,ku,).

1.1. Compute u+v and ku for u=(-1,2), v=(3,4) and k=3.

1.2. In words, explain why Vis closed under addition and scalar multiplication.

1.3. Show that Axiom 10 fails and hence V is not a vector space under the given operations.

Show that the set of all 2x2 matrices of the form [8 2]with the standard matrix addition and scalar

multiplication is a vectorspace.

Show that lines through the origin are subspaces of R*and of R3 .

Show that the set of all points (x, y) in for which x > 0 and y > 0 is not the subspace of R?.

Show that the set of function with a continuous derivative is a subspace of continous functions.
Determine whether the following vectors are linearly independent or linearly dependent in R3. Find the
dimension of S={a,b,c}. Construct matrixes where the vectors are in the rows or in the column. Find the
rank of the matrixes.

6.1. a=(1,2,3), b=(5,6,-1), c=(3,2,1) in R3

6.2. a=(1,2,3), b=(5,6,-1), d=(-3,-2,7) in R3

6.3. a=(1,2), b=(5,6), c=(3,2) in R?

Find the coordinate vector of w relative to the basis S={a,b}

7.1. a=(1,0), b=(0,1), w=(3,-7)

7.2. a=(2,-4), b=(3,8), w=(1,1)

7.3. a=(1,1), b=(0,2), w=(x,y)

Show that a=(1,2,1), b=(2,9,0), c=(3,3,4) could be a basis for R3.

8.1. Find the coordinate vector of v=(5,-1,9) relative to the basis S={a,b,c}.

8.2. Find the w vector in R3={e1,e,e3} standard basis whose coordinate relative to S is ws=(-1,3,2).
Find the coordinate vector of w relative to the basis S={a,b,c}

9.1. a=(3,3,3), b=(1,0,0), c=(2,2,0), w=(2,-1,3),

9.2. a=(1,2,3), b=(-4,5,6), c=(7,-8,9), w=(5,-12,3)

Solve Exercise 9 using elementary change of basis.

Let a=(-1,1,3), b=(-4,-2,0), c=(-7,-5,-3) be vectors.

11.1. Find the dimension of S={a,b,c}.

11.2. If v=(-10,-8,-6), w=(-10,-8,-6) , is the vektor v or w in the space generated by S?

Find the matrix inverse using elementary basis transformation.

2 5 5 2 =3 5
A=|[-1 -1 0 A=l0 1 -3
2 4 3 0 O 2
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Application of change of basis, eigenvalue, eigenvector

1. Solve the next linear equation systems (LES) by change of basis.

X, 3%, +X5-x, = 7 X, — X,+ X;-3x,= -2, | X;— X,+ X;= 4
2%, +5%, = X3 +2X, =22 | x —2x, +3x, —4x, = =6 | X, +2x,+ x, =13;
3x; +8x, +x; —x, =24. 3%, +4x, —x; +2x, = 12; | 2x, +4x, +2x, = 26;

S2X, 43X, +2x, +x, = 2. | 4% F5X, +4Ax, =43,
x+3y+4z=19; X, +3x, +x;, —x, = 7, X, —2X, +3X; — X, +2X, =2;
x+4y+3z=18 2x, +5x, —x; +2x, =22; 3x, =X, +5x; =3x, — X5 =6;
x+3y+3z=16 3x, +8x, +x; —x, =24. 2X, + X, +2x; —2x, —3x, =8.

2. Determine the values of a for which the system has no solutions, exactly one solution, or infinitely
many solutions.

x+ 2y—3z=4

3x —y+5z=2

dx+y+(@?—14)z=a+2

x+ 2y =1
2x+ (a? —14)y=a—1

3. Show that the eigenvalues of the diagonal matrices are the diagonal entries, if

(3 2 -1 3 00
B=|0 8 -1, C=|2 8 0]

0 0 2 1 0 2
4. Show that the product of eigenvalues equals to the determinant of the matrix, if
[2 0 -3 1 0 2
A=10 2 3|,B=|0 1 0]
-3 3 -2 0 0 2
5. Show that the eigenvectors of a real, symmetric matrix with distinct eigenvalues are mutually
3 2 2
orthogonalif A =2 2 0]
2 0 4
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Applications of Eigenvectors and Eigenvalues.

1. Show that the eigenvectors of symmetrical matrixes are orthogonal to each other.

1 -2 0 1 2 -1
A=|-2 0 2 B=[2 7 4] c=2 3]n=[2
0 2 -1 ~1 4 -3

2. Are the next matrixes diagonalizable or not. If the answer is yes, give the diagonal matrix D, and the P,
for which matrix = PDP™!

300 5 0 0
a=[1 1 B=[} cz[o 2 0] p={1 5 o]
0 1 2 015
3. Solve the next systems:
yi= y1t+4y yi= 4n + V3
Yz = 2y1+ 3y, Y2 =—2y1
Y3 =—2y +¥3

.V1(0) = }/2(0) =0
y1(0) = —-1,y,(0) =1,y3(0) =0

yi= y1+2y; — y3
yé = ¥ + ¥
y3 =4y, —4y, +5y3

yi = 2y +9y;
Y2 =y1+ 2y,

Y1(0) = 1ry2(0) =1 yl(O) = 1,_')/2(0) = 1:y3(0) =1

>

Express the quadratic form in matrix notation x” Ax, where A is symmetric:
2x% + 6xy — 5y?; x% 4+ 7x2 — 3x35 + 4x,x, — 2X,X3 + 8x,X3;

5. Find the orthogonal change of variable that eliminates the cross product terms in the quadratic form, and
express Q in terms of the new variable:

Q = x% - x% - 4x1x2 + 4XZX3; Q = 3Xf + 2xle + lex:g + 4‘X2x3

6. Identify the conic by rotating the xy-axes to put the conic in standard position. Find the angle © through
which you rotated the xy-axes.

5x2 —4xy +8y*—36=0 2x2 —4xy —y*+8=0
7. Identify the quadratic rotating the xyz-axes to put the qudratic in standard position.

4x% + 4y2 +4z° +dxy + dxz+4yz =1 2x*+y 4+ z24+2xy+2xz=1
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Function series

1. Find the Fourier series generated by f(x).

f(x)={ 1if 0<x<m

—1 if —m<x<0 fx+k2m) =f(x), kel

f(x)-—tf—n<x<7t flx+ k2m) = f(x), keZ

—+xif 0<x<m
f(x)z{% . fx+k2m) =f(x), ke

——xif —mn<x<0

2
f(x)=|x| if —m<x<m, flx+ k2m) = f(x), keZ
_Jx—=11if 0=sx<m _
f(x)—{_1 f—m<x<0 flx+ k2m) = f(x), kel
fxX)=x%if —n<x<m, f(x + k2m) = f(x), k €Z
(T T
—E lf —T[Sx<—5
f(x)z% x if —%s:m% . fx+kem) =f(x), kez
\ % if gﬁx<n

—2x+1if —-nm<x<0

, x + k2m) = f(x), keTZ
2x+1 if 0<x<m i )=/

f()—{_ﬂlf —rsx<0 G tkem =fG), kel

i 0<x<m
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